We use multiple scattering in non-spherical potentials (MSNSP) to calculate the angular distributions of electrons photoemitted from the 1s shells of CO and N 2 gas-phase molecules with fixed-in-space orientations. For low photoelectron kinetic energies (E < 50 eV), as appropriate to certain shape resonances, the electron scattering must be represented by non-spherical scattering potentials, which are naturally included in our formalism. Our calculations accurately reproduce the experimental angular patterns recently measured by several groups, including those at the shape-resonance energies. The MSNSP theory is thus an efficient method to calculate the scattering states of low-energy electrons in small low-symmetry systems.
In the past few years, experimental advances have permitted the measurement of the angular distributions of photoelectrons emitted from free molecules fixed in space. Previous to this work, free-molecule studies were limited to orientationally-averaged measurements, thus limiting the information derivable from the data. Most of the experimental work has focused on diatomic molecules [1] [2] [3] [4] [5] [6] [7] [8] [9] . The dependence of such fixed-in-space angular distributions on photon energy provides an exciting new probe of electronic structure and dynamics. Particularly important are the energies for which the so-called shape resonances appear in the continuum, since the experimental angular profiles show radical changes. However, the theoretical analysis of the angular patterns has often been limited to the phenomenological fitting of angular distributions to a series of spherical harmonics, with little or no ab initio input of the relevant parameters [3, 6] . Quantitative microscopic theories developed some time ago [10, 11] , while containing good first approximations to the essential physics, have not reproduced accurately the measured angular distributions at the kinetic energies of interest. More sophisticated theoretical work has been recently developed [12] [13] [14] to benefit from the information contained in the large amount of experimental data collected in the last few years.
In this letter, we use multiple scattering of electrons in non-spherical potentials (MSNSP) to calculate the angular distributions of photoelectrons emitted from core levels of small molecules with definite orientations in space. This method is directly derived from approaches previously used in describing photoelectron diffraction from near-surface atoms [15] . Multiple scattering of electrons in space-filling potentials ('full potentials') has a well-founded theoretical basis [16] . However, only very limited use has been made to date of full potentials in photoemission and photoelectron diffraction theory [17] , in spite of their being of inherently higher accuracy than the more common spherical-symmetry muffin-tin approach [18] . Among other benefits, the use of space-filling potentials allows us to overcome one of the limitations of the standard multiple scattering theory between spherical potentials: the approximate treatment of interstitial regions of space in which the potential is neither negligible nor constant (as often assumed). A modified version of the standard multiple scattering method recently addressed this problem as well [19] . As an example, we apply our method to the calculation of the angular distributions of electrons photoemitted from the 1s shells of CO and N 2 . The results are found to be in excellent agreement with recent extensive sets of experimental data [3, 4, 6, 7] , and this suggests the general utility of the MSNSP approach for understanding such processes more quantitatively.
From time-dependent first-order perturbation theory, the final state of the photoemitted electron can be obtained from
where φ i is the initial state of the electron in the molecule (in the present case, a core state),V rad is the incident-light operator, andĜ 0 is the free-electron Green operator.T mol is the scattering operator of the molecule, which can be obtained in terms of the total molecular potentialV mol in which the photoemitted electron moves. The molecular potential in real space V mol (r) is calculated as the sum of an electrostatic potential plus a local exchange potential [20] . The electrostatic potential is the Coulomb potential of the nuclei plus the Coulomb potential of the remaining N − 1 electrons, the latter calculated from the one-electron Hartree-Fock orbitals, in the frozen-core approximation. V mol (r) is then split into two different non-spherical cells, within each of which the potential V α (r) is described in a non-spherical form (see the inset of figure 1, with α here indexing a given atomic centre, C or O in the case of CO). The size of these cells is limited by the internuclear distance, with no intracell vector being larger than the distance between the two nuclei of the molecule. Outside the cells, the potential is assumed to be zero. Let us remark at this point that the non-sphericity of the potentials inside the cells is due to two features: (a) the actual geometry of the cells, which are non-spherical, and (b) the potential inside each of the cells, which is the molecular potential of the CO + ion and not any atomic potential.
The restriction in the size of the cells implies that we are neglecting the effect of the Coulomb potential tail at long distances. However, the local effect of the Coulomb hole is explicitly included in the potential. We have performed a number of calculations in model systems to check that neither the Coulomb tail nor the small potential barrier at the cell boundaries have significant effects on the angular distribution of the photoelectrons. The inclusion of the Coulomb tail brings just an energy shift in the position of the resonance. Hence, the good agreement that we obtain in the position of the resonance is due to the compensation of two effects of opposite sign: the frozen-core approximation (which shifts the resonance to lower energies) and the omission of the Coulomb tail (which shifts it to higher energies). As a consequence of the partition of the potential, the matrix elements of the total scattering operator of the molecule T mol L,L in a partial-wave basis set (L, L ) can be calculated as a function of single-cell scattering matrix elements t α L,L [21] . The index α again identifies atom α in the molecule. The calculation of t α L,L requires the numerical solution of the Schrödinger equation, which is transformed into a system of coupled differential equations, for systems without spherical symmetry [22] .
The photoemitted electron wavefunction in real space (r) is now obtained by multiple scattering theory. For each energy, the wavefunction outside the cells is expanded in terms of outgoing Hankel functions h
where k is the electron momentum 
Here, the coefficients [ρ are coefficients in the expansion of Hankel functions about a different centre [16] . For diatomic molecules, the sum over β is limited to a single term. The sums over L 1 and L 2 are truncated after convergence with the number of L has been achieved. In the dipole approximation, the coefficients [ρ α L ] 0 are calculated from the corresponding matrix elements [15] . They depend on the light polarization vector. The multiple scattering system of equations (3) is solved by matrix inversion in a single self-consistent step, which yields the coefficients ρ α L . The latter is equivalent to calculating the multiple scattering series to infinite order, i.e. the wavefunction outside the cells is calculated exactly.
The coefficients ρ α L describe the behaviour of the wavefunction at infinity and are sufficient to calculate the photoelectron intensity at the detector position [15] . The wavefunction (r) of equation (2) could also be expanded in terms of Hankel functions centred about a given nuclear position. The coefficients of this expansion would be equivalent to the angular coefficients which are commonly used to fit the experimental angular patterns [3, 6] . In this respect, our theoretical calculation provides direct quantitative information on these widely used fitting parameters.
One of the most interesting features of the photoemission spectra from molecules is the appearance of shape resonances in the continuum. Theoretically, the shape resonances are linked to pronounced peaks in the density of states dn(E)/dE induced in the continuum by the molecular potential. dn(E)/dE is calculated by Lloyd's formula [21] :
Here, Tr denotes the operation of taking the trace, and Im refers to the imaginary part of a complex number. Notice that Lloyd's formula gives the change in the density of states induced by the presence of the potential, and not the total density of states. The T mol L,L elements are straightforwardly calculated in our framework. The axial symmetry of the molecule keeps the index m as a good quantum number, so that dn(E)/dE can be independently calculated for each value of m, but it still involves various l contributions.
We plot in figure 1 the density of states induced in the continuum by a CO molecule with a hole in the C 1s shell as a function of the electron energy E. The most important m contributions to the total dn(E)/dE are also plotted. The theoretical calculation shows a clear σ shape resonance. The σ character of the shape resonance for this photoexcitation process has been experimentally observed by comparison of the total photoemission cross section for parallel and perpendicular polarizations of the incident light, as measured with respect to the molecular axis [23] . Notice, however, that the σ contribution to dn(E)/dE is built by summing over various l-wave components. In the dipole approximation, the only component that will contribute to the photoemission cross section from the C 1s orbital would be the one with p character at the origin.
As an example for the power of our method, figure 2 shows the angular distribution of electrons photoemitted from the 1s shell of C in the CO molecule, when the incident light is linearly polarized and the polarization vector ε is parallel to the molecular axis. The experimental resolution in energy and angle are included in our theoretical calculation. Two different kinetic energies of the electron are considered: one at the shape resonance (E = 10.4 eV), and a second one well above it (E = 21.0 eV). The theoretical calculations agree very well with recent experimental data [3, 4, 7] . For kinetic energies above the shape resonance, the electron intensity along the C direction is higher than the electron intensity along the O direction [2] . This behaviour is reversed at the shape resonance. The shape resonance thus implies special conditions of scattering for which the directly emitted wave and the scattered waves combine to create constructive interference along the O direction.
When the diatomic molecule is homonuclear, the theoretical description of the photoemission process is more complex, because of the higher symmetry and the resulting small energy differences between different initial core states [24] . In the case of N 2 , there are two different energy levels for the 1s-shell electrons: a symmetrical gerade state (with 'bonding' character, whose wavefunction can be approximately described by g ∝ φ ). The energy difference between these two levels is only ≈97 meV [24] . As a consequence, experimental spectra usually measure the (incoherent) sum of intensities of photoelectrons emitted from both states. Our theoretical calculations can, however, fully allow for this difference in the two initial states, as might be measured in some future experiments at higher energy resolution. Figure 3 shows the angular distribution of electrons photoemitted from the 1s shell of N 2 . We consider photoelectrons with kinetic energy at the shape resonance (E = 10 eV in this case). The 1s-shell hole generated by the photoelectron excitation is considered as delocalized in our calculation (i.e. distributed over the two atoms of the molecule). Two different theoretical calculations are plotted in figure 3 : the photoemission pattern from the 1s-derived gerade state and the photoemission pattern from the ungerade state. The incoherent sum of both patterns, as appropriate to independent emission from both types of states, is also shown in the figure. The summed intensity is in excellent agreement with the experimental data of Weber et al [7] , confirming that the experimental spectra include contributions from both initial states, of necessity because the experimental energy window is larger than the level splitting. Recent calculations performed by Cherepkov et al [13] using the random phase approximation have shown a similar result.
In summary, we have shown that MSNSP is a powerful theoretical method for studying photoelectron angular distributions from molecules oriented in space. It very accurately describes the photoemission angular distributions of gas-phase oriented diatomic molecules, The thick solid curve is the sum of both contributions. The black squares are experimental data [7] . Arbitrary intensity units are used.
such as CO and N 2 , including energies close to the shape resonance, a severe case for which the angular distributions are extremely sensitive to the details of the calculation. The expansion of the wavefunction in partial waves used in our formalism provides all information necessary for an analysis of a complete photoionization experiment with the available experimental data. Beyond the calculations described here, other topics of high current interest to which MSNSP should be applicable are non-dipole and circular dichroism effects in photoemission from oriented molecules. Furthermore, MSNSP has potential applicability in many other spectroscopies, such as photoemission, photoelectron diffraction, NEXAFS or ion-induced electron emission. The computational efficiency of other ab initio methods in the calculation of low-energy oneelectron excited states is much reduced in low-symmetry systems (adsorbates, clusters and nanostructures). Our results on small molecules show that MSNSP is a fast and accurate alternative method to calculate the low-energy scattering states of electrons in such systems.
